We construct a discrete model of fluid particles according to a two generator formalism for nonequilibrium thermodynamics. The model has the form of smoothed particle hydrodynamics including correct thermal fluctuations. A slight variation of the model reproduces the dissipative particle dynamics model with any desired thermodynamic behavior. The resulting algorithms have the following properties: mass, momentum, and energy are conserved, entropy is a nondecreasing function of time, and the thermal fluctuations produce the correct Einstein distribution function at equilibrium. PACS numbers: 47.11. + j, Particle based methods for solving hydrodynamic problems are good candidates for the study of complex fluids because they allow an easy treatment of complicated geometries as those appearing in the interstitial regions of a colloidal or polymeric suspension. In addition, they allow us to use molecular dynamic codes which are comparatively much simpler than usual computational fluid dynamics algorithms.
Particle based methods for solving hydrodynamic problems are good candidates for the study of complex fluids because they allow an easy treatment of complicated geometries as those appearing in the interstitial regions of a colloidal or polymeric suspension. In addition, they allow us to use molecular dynamic codes which are comparatively much simpler than usual computational fluid dynamics algorithms.
Two seemingly distinct particle methods are particularly appealing because of their versatility, smoothed particle hydrodynamics (SPH) and dissipative particle dynamics (DPD). SPH is a well-known model in the context of computational astrophysics [1] that is receiving growing interest for the study of laboratory fluid dynamical problems [2] . This method is basically a discretization of NavierStokes equations on a Lagrangian grid with the aid of a weight function. At present, there is still no version of SPH that consistently includes thermal fluctuations; that is, there is no SPH discretization of fluctuating hydrodynamics [3, 4] . However, hydrodynamic fluctuations are crucial if one wants to use SPH for the study of complex fluids. They are the ultimate responsible for the diffusive behavior of suspended objects [5] . We are faced, therefore, with the problem of generalizing SPH to the mesoscopic level where fluctuations are important. On the other hand, DPD [6] is another particle based model that includes thermal fluctuations in a sensible way and it has hydrodynamic behavior [7] . For these reasons it has been applied to a large variety of problems dealing with complex fluids [8] . The initial problem of nonconservation of the energy has been resolved and the technique can now be applied to nonisothermal problems as well [9] . There remains, however, a fundamental problem in DPD which is the physical interpretation of the conservative interactions between DPD particles, which determine the full thermodynamic behavior of the system [10] .
In this Letter, we give a solution to these basic problems with SPH and DPD. We formulate a Lagrangian discrete off-lattice model for hydrodynamics which generalizes SPH by including correct thermal fluctuations. A slight variation produces the DPD model with any desired thermodynamic behavior. The derivation of these models is done within the context of a two generator formalism which ensures thermodynamic consistency [11] . Any physically sensible dynamic equation in nonequilibrium thermodynamics can be cast into this two generator structure: Linear irreversible thermodynamics, nonrelativistic and relativistic hydrodynamics, Boltzmann's equation, polymer kinetic theory, and chemical reactions, just to mention a few, have all the two generator structure [11] . It is natural, then, to formulate a model for fluid particles within this formalism.
The two generator formalism states that the time evolution equations for a complete set of independent variables x required for the description of a nonequilibrium system have the structure
The first term on the right hand side produces the reversible part of the dynamics whereas the second term is responsible for the irreversible dissipative dynamics. Here, E͑x͒, S͑x͒ are the energy and entropy of the system expressed in terms of the variables x, = is the gradient operator in x space, and L͑x͒, M͑x͒ are matrices that satisfy the following degeneracy requirements,
In addition, L is antisymmetric (this guarantees that energy is conserved) and M is a positive definite symmetric matrix (this guarantees that the entropy is a nondecreasing function of time). If the system presents dynamical invariants I͑x͒ different from the total energy, then further restrictions on the form of L and M are required:
These conditions ensure that dI͞dt 0. The deterministic equations (1) are, actually, an approximation in which thermal fluctuations are neglected. If thermal fluctuations are not neglected, the dynamics is described by stochastic differential equations or, equivalently, by a Fokker-Planck equation (FPE) that governs the probability distribution function r r͑x, t͒. This FPE has the form [11] 
where k B is Boltzmann's constant. We require that the equilibrium solution of this Fokker-Planck equation is given by the Einstein distribution function in the presence of dynamical invariants [12] ; this is
where the function g is completely determined by the arbitrary initial distribution of dynamical invariants. This imposes further conditions on the matrices L, M, namely,
When fluctuations are present, the entropy functional S ͓r͔ R S͑x͒r͑x, t͒ dx 2 k B R r͑x, t͒ lnr͑x, t͒ dx plays the role of a Lyapunov function with ≠ t S ͓r͔ $ 0.
We finally consider the Itô stochastic differential equations that are mathematically equivalent to the above Fokker-Planck equation [13] :
Here, the stochastic term dx is a linear combination of independent increments of the Wiener process. It satisfies the mnemotechnical Itô rule
which means that dx is an infinitesimal of order 1͞2 [13] . Equation (8) is a compact and formal statement of the fluctuation-dissipation theorem.
When formulating new models it might be convenient to specify dx directly instead of M. This ensures that M through (8) automatically satisfies the symmetry and positive definite character. In order to guarantee that the total energy and dynamical invariants do not change in time, a strong requirement on the form of dx holds,
implying the last equations in (2) and (6). The basic problem in any nonequilibrium description of a given system is to identify the relevant set of variables in the system. We aim at modeling fluid particles, that is, portions of fluid or large clusters of molecules that move following collective motions. It is sensible to assume that these fluid particles are small moving thermodynamic systems with the center of mass located at r i , and with momentum p i , volume V i , (fixed) mass m, and entropy s i (or internal energy e i ). Even though they are thermodynamic systems in the sense that an entropy function can be defined, the fluid particles are assumed to be small enough to suffer from stochastic fluctuations due to the underlying molecules forming the fluid particle. The state of the sys-
where N is the number of fluid particles.
The two basic building blocks in the two generator formalism are the energy and the entropy of the system as a function of the selected variables. We propose the following forms:
where e͑V i , m, s i ͒ is the internal energy as a function of the extensive variables of the fluid particle. We will assume the hypothesis of local equilibrium, in accordance with the usual treatment of hydrodynamics [14] . Therefore, the internal energy of the fluid particles is the same function of the mass, volume, and entropy as the total internal energy of the whole fluid system at equilibrium. We can now consider the derivatives of E and S which are given by
where v i p i ͞m is the velocity of the fluid particles and the intensive parameters are the pressure P i and the temperature T i which are functions of the extensive variables V i , m, s i of the fluid particles. We have to consider also the dynamical invariants I͑x͒ that we want to retain in the discrete model. These dynamical invariants are the total momentum P P i p i and total volume V P i V i . We construct now the L matrix for the discrete hydrodynamics problem. We impose that the reversible part of the equations of motion should give ᠨ r i j rev v i , ᠨ s i j rev 0. That is, the position of the fluid particles changes according to its velocity and the reversible part of the dynamics should not produce any change in the entropy content of the fluid particle. By looking at the term L ? =E in Eq. (7) with the energy derivatives given in (11) , the simplest L matrix that produces the desired equations has the structure of N 3 N blocks L ij of size 8 3 8 of the form
The last row ensures the invariance of s i ; the last column is fixed by antisymmetry. The first row ensures the equation of motion for the position and the first column is fixed by antisymmetry. We still have freedom for the form of the vector V ij which can, in principle, depend on all state variables. L is antisymmetric because L ij 2L
T ji and it satisfies Eqs. (2). The effect on the invariants, Eqs. (3), is guaranteed if
Finally, we can guarantee the first property in Eqs. (6) if the following identity is satisfied:
The resulting reversible equations for momentum and volume are ᠨ p i j rev 2 P j V ij P j and ᠨ V i j rev 2 P j V ji ? v j . We interpret these equations as a discrete version of the momentum and continuity equations (in terms of the specific volume 1͞r instead of the mass density r) for a nondissipative fluid in a Lagrangian description. In this way, V ij should be a discrete version of the gradient operator. Following the spirit of smoothed particle hydrodynamics, we propose
and D͑r͒ is a weight function of range r c normalized to unity, R dr D͑r͒ 1. This leads to a symmetrized pressure form
If the range r c is much smaller than the typical length scale of variation of the hydrodynamic variables and the typical distance between particles l is much smaller than r c , then it is possible to prove that V i = = =f͑r i ͒ ϳ P j V ij f͑r j ͒, and V ij can be interpreted as a discrete version of the gradient operator. We note that the SPH form for V ij does not satisfy P j V ij 0 and, therefore, total volume is not a dynamical invariant. The main practical consequence of this is that the resulting algorithm has the following unphysical feature: if all the particles have the same pressure, there are still remnant forces on each particle. This is common to all implementations of SPH to date [1, 2] . This problem can be reduced arbitrarily (at the cost of more cpu time) by increasing the ratio r c ͞l and, therefore, the number of interacting neighbors [15] .
Our aim now is to construct the matrix M. We have to specify first where irreversibility occurs. We do not want irreversible processes associated with the evolution of the position, volume, or mass of the particles. This implies that the noise term in the equation of motion (7) has the structure dx T ! ͑0, dp i , 0, ds i ͒. Thermal fluctuations are introduced into the equations of continuum hydrodynamics through the divergence of a random stress tensor and a random heat flux [3] . By simple analogy with the expression of the random noise in nonlinear hydrodynamics [3] , we postulate the following random terms:
where the random stress ds i and random heat flux dJ q i are defined by
Here, h i is the shear viscosity, z i is the bulk viscosity, and k i is the thermal conductivity. The traceless symmetric random matrix dW S i is given by
D is the physical dimension of space and dW i is a matrix of independent Wiener increments. The vector dV i is also a vector of independent Wiener increments. They satisfy the Itô mnemotechnical rules
Note that the postulated forms for dp i , ds i in Eqs. (15) satisfy P i v i ? dp i 1 T i ds i 0 and P i dp i 0 and, therefore, Eqs. (9) are satisfied. This means that the postulated noise terms conserve momentum and energy exactly. It is now a matter of algebra to construct the dyadic dxdx T and from Eq. (8) extract the matrix M. Once M is constructed, the final equations of motion for the discrete hydrodynamic variables are (constant transport coefficients are assumed for simplicity),
We have introduced the stress tensor s i , the traceless symmetric velocity "gradient" tensor G i , the "divergence" D i , and the heat flux J q i by
C Vi is the heat capacity at constant volume of the fluid particle. The dimensionless factors k B ͞C Vi are, therefore, very small. In the limit k B ! 0, one can easily recognize in Eqs. (19) and (20) all the terms corresponding to the continuum equations of hydrodynamics [14] . Equations (19) are the main result of this Letter. They have the structure of SPH with consistent thermal noise. This allows one to apply SPH to complex fluids where Brownian effects are important (e.g., colloidal suspensions). The equations conserve total mass, total momentum, and total energy of the particles. They are Galilean invariant. Because of its two generator structure, the entropy functional S ͓r͔ of the system is a nondecreasing function of time and the equilibrium state is described by Einstein's distribution function.
Instead of the noise terms (15) one could also postulate the noise terms as in DPD [9] , dp i X j B ij dW ij , 
These noise terms (21) satisfy Eqs. (9) and momentum and energy are conserved. The resulting dynamic equations have the same reversible part as in Eqs. (19) and have the familiar "Brownian dashpot" dissipative forces of the DPD model. In this way, by introducing a volume and an internal energy variable into the standard DPD model, one derives a thermodynamically consistent model in which the "conservative" forces of the DPD model are truly pressure forces. The resulting DPD equations are somewhat simpler than Eqs. (19) and produce macroscopic hydrodynamic behavior, but the identification of the actual values of the transport coefficients is less obvious. Simulations of the SPH model with a thermodynamic behavior prescribed to be that of a van der Waals fluid with coexisting phases are now under study and will be presented elsewhere.
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